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C*-ALGEBRAS ASSOCIATED WITH ALGEBRAIC ACTIONS 


JOACHIM CUNTZ 


Abstract. This is a survey of work in which the author was involved in recent 
years. We consider C*-algebras constructed from representations of one or several 
algebraic endomorphisms of a compact abelian group - or, dually, of a discrete 
abelian group. In our survey we do not try to describe the entire scope of the 
methods and results obtained in the original papers, but we concentrate on the 
important thread coming from the action of the multiplicative semigroup of a 
Dedekind ring on its additive group. Representations of such actions give rise to 
particularly intriguing problems and the study of the corresponding C*-algebras 
has motivated many of the new methods and general results obtained in this area. 


1. Introduction 

By an algebraic action we mean here an action of a semigronp by algebraic endo¬ 
morphisms of a compact abelian gronp or, dnally, by endomorphisms of a discrete 
abelian gronp. Snch actions are mnch stndied in ergodic theory bnt they also give 
rise to interesting C*-algebras. In fact, qnite a few of the standard examples of sim¬ 
ple C*-algebras snch as C>n-algebras, Bnnce-Deddens algebras, UHF-algebras etc. 
arise from canonical representations of snch endomorphisms. Bnt the class of C*- 
algebras obtained from general algebraic actions is much vaster and exhibits new 
interesting phenomena. 

We start our survey with the discussion, following [12], of the C*-algebra 2l[a] gener¬ 
ated by the so called Koopman representation on L‘^{H) of a single endomorphism a, 
satisfying natural conditions, of a compact abelian group H, together with the nat¬ 
ural representation of C{H). This C*-algebras is always simple purely inhnite and 
can be described by a natural set of generators and relations. It contains a canonical 
maximal commutative C*-algebra "D with spectrum a Cantor space. This subalgebra 
is generated by the range projections where s is the isometry implementing 

the given endomorphism, and by their conjugates u^s"‘s'^*u*, under the unitaries 
given by the characters 7 of H. Then, the subalgebra B generated by V together 
with the is of Bnnce-Deddens type and simple with unique trace. Moreover, 2t[a] 
can be considered as a crossed product of S by a single endomorphism. 

The next case we consider is the C*-algebra generated analogously by the Koopman 
representation of a family of commuting endomorphisms. We consider the important 
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special case of endomorphisms arising from the ring of integers i? in a number field 
K. The multiplicative semigroup acts by commuting endomorphisms on the 
additive group R = IR oi equivalently on the dual group R = {n being the 
degree of the field extension K over Q). The commutative semigroup R^ has a 
non-trivial structure and acts by interesting endomorphisms on ¥"■. The study of 
the C*-algebra generated by the Koopman representation in this situation goes 
back to [5] and was originally motivated by connections to Bost-Connes systems [2]. 
Again, 2t[-R] is simple purely inhnite and is described by natural generators and rela¬ 
tions. It has analogous subalgebras V and and 2l[i?] can be viewed as a semigroup 
crossed product B xi R^. The new and challenging problem is the computation of the 
A'-theory of The key to this computation is a duality result for adele-groups 

and corresponding crossed products, [TO] , 

Since 2l[A] is generated by the Koopman representation, on i'^R, of the semidirect 
product semigroup R x R^, the next very natural step in our program is the consid¬ 
eration of the C*-algebra generated by the natural representation of this semigroup 
on i'^{R X R^) rather than on i'^R, i.e. of the left regular C*-algebra C’^{R x R^). 
This algebra is still purely inhnite but no longer simple. It can be described by 
natural generators and relations. The algebra 2l[i?] is a quotient of x R^) and 
the latter algebra is dehned by relaxing the relations dehning 2l[i?] in a systematic 
way. The best way to do so is to add a family of projections, indexed by the ideals 
of the ring R, as additional generators and to incorporate those into the relations. 
This way of dehning the relations also guided Xin Li in his description of the left 
regular C*-algebras for more general semigroups |19] . 

The (non-trivial) problem of computing the iL-theory of C^{R x R^) turned out 
to be particularly fruitful i, 0. It led to a powerful new method for computing 
the iL-groups, for regular C*-algebras of more general semigroups and of crossed 
products by automorphic actions of such more general semigroups, as well as for 
crossed products of certain actions of groups on totally disconnected spaces. In 
the special case of C1{R x R^) we get the interesting result that the iL-theory is 
described by a formula that involves the basic number theoretic structure of the 
number held K, namely the ideal class group and the action of the group of units 
(invertible elements in R) on the additive group of an ideal. 

Finally, we include a brief discussion of the rich KMS-structure on Cl{R x R^) 
for the natural one-parameter action on this C*-algebra. Just as the iF-theory for 
C^R X R^), this structure is related to the number theoretic invariants of R, resp. 
K. 

Our goal in this survey is limited. We try to describe a leitmotif in this line of 
research and to explain the connections and similarities between the various results. 
The original articles contain much more information and many additional hner, more 
sophisticated and more general results which we omit completely. We also do not 
describe the results in the order they were obtained originally, but rather in the 
order which seems more systematic with hindsight. 


C*-ALGEBRAS ASSOCIATED WITH ALGEBRAIC ACTIONS 


3 


2. Single algebraic endomorphisms 

Let H he a compact abelian group and G = H its dual discrete group. We assume 
that G is countable. Let a be a surjective endomorphism of H with hnite kernel. 
We denote by (p the dual endomorphism y i—)■ y o « of G (i.e. (p = a). By duality, (p 
is injective and has hnite cokernel, i.e. the quotient GjipG will be hnite. Both a and 
(p induce isometric endomorphisms Sa and of the Hilbert spaces L^H and i'^G, 
respectively. This isometric representation of a on is called the Koopman 

representation in ergodic theory. 

We will also assume that 

n ={0} 

neN 

which, by duality, means that 

Ker a” 

neN 

is dense in H (this implies in particular that H and G can not be hnite). These 
conditions on a are quite natural and for instance apply to the usual examples 
considered in ergodic theory. We list a few important examples of compact groups 
and endomorphisms satisfying our conditions at the end of this section. 

We want to describe the C*-algebra G*{sa,G{H)) generated in C{LF‘H) by G(if), 
acting by multiplication operators, and by the isometry Sa- Via Fourier transform 
it is isomorphic to the C*-algebra G*{s^, G*G) generated in C{^‘^G) by G*G, acting 
via the left regular representation, and by the isometry s^p. These two unitarily 
equivalent representations are useful for diherent purposes. 

Now, G*{sp,,G*G) is generated by the isometry s = s^, together with the unitary 
operators Ug, g ^ G and these operators satisfy the relations 

(1) Ugllh UgJ^ji ^ ^ UgSS Ug 1 

geGIvG 

Definition 2.1. Let H,G and a,ip be as above. We denote by 2l[</9] the universal 
C*-algebra generated by an isometry s and unitary operators Ug, g ^ G satisfying 
the relations m- 

It is shown in [12] that 2l[(p] = G*{sa,G{H)) = G*{sp,G*G), i.e. that the natural 
map from the universal C*-algebra to the C*-algebra generated by the concrete 
Koopman representation is an isomorphism. Particular situations of interest arise 
when H = {'L/n)°° with a the left shift (this gives rise to 2l[(p] = On) or when 
H = T". 

Lemma 2.2. The C*-subalgebraT> o/2t[<p] generated by all projections of the form 
UgS'^s*'^Ug, g E G,n E N is commutative. Its spectrum is the “ip-adic completion 

G^ = lim G/p>^G 

n 

It is an inverse limit of the finite spaces G/ip'^G and becomes a Cantor space with 
the natural topology. 
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G acts on V via d i—)■ Ugdu*g, g G G, d G V. This action corresponds to the natural 
action of the dense subgroup G on its completion G^, via translation. The map 
V ^ V given by x ^ sxs* corresponds to the map induced by ip on G^,. 

From now on we will denote the compact abelian group G^, by M. By construction, 
G is a dense subgroup of M. The dual group of M is the discrete abelian group 

L = lim Ker {a^ : H ^ H) 

Because of the condition that we impose on a, L can be considered as a dense 
subgroup of H. 

The groups M and L play an important role in the analysis of They are in a 

sense complementary to H and G. By Lemma 12.21 the C*-algebra T) is isomorphic 
to G{M) and to G*{L). 

Theorem 2.3. The C*-subalgebra of 2l[(^] generated by G{H) together with 
G{M) (or eguivalently by G*G together with G*L) is isomorphic to the crossed prod¬ 
uct G{M) X G. It is simple and has a unigue trace. 

Theorem 2.4. The algebra 2t[</9] is simple, nuclear and purely infinite. Moreover, 
it is isomorphic to the semigroup crossed product N (i.e. to the universal 

unital C*-algebra generated by B^, together with an isometry t such thattxt* = 'yip{x), 

X e Bg,). 

The fact that 2l[(^] is a crossed product x M can be used to prove the following 
Theorem 2.5. (cf. The K-groups of^[ip] fit into an exact seguence as follows 

(2) K,G{H) — K,G{H) -- K,Ql[p>] 


where the map h{(p) : K,fG{H) —)■ K^G{H) satisfies b{ip)a,, = N{a)id with N{a) := 
|Ker a|. 

In [12], the analysis of 2l[99] and the formula ([2]) for its iF-theory was also extended 
to the case where a is replaced by a so called rational polymorphism. 

There are quite a few papers in the literature containing special cases or parts of the 
results described in this section. We mention only [T5] where it was shown that 2t[</9] 
is simple and characterized by generators and relations and [H] where in particular 
a formula similar to (E]) was derived for an expansive endomorphism of - both 
papers using methods different from [12]. 

2.1. Examples. Here are some examples of endomorphisms in the class we consider. 

1. Let H = rifceN^/''^’ ^ ~ 0 a:gn^/''^ ^ one-sided shift on H dehned by 

«((«fc)) = (afc+i)- 

We obtain M = ~ ^ ^ ~ 0fceN^/'^ — algebra B^, is a 

UHF-algebra of type and 2l[(^] is isomorphic to On- It is interesting to note 

that the UHF-algebra Bg„ is generated by two maximal abelian subalgebras both 
isomorphic to G{M). 
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2. Let if = T, G = Z and a the endomorphism of H defined by a(z) = z"'. The 
algebra is a Bnnce-Deddens-algebra of type n°° and 2 l[</ 9 ] is isomorphic to a 
natnral snbalgebra of the algebra considered in [5]. In this case, we also get for 

the interesting isomorphism G(Z„) xi Z = G(T) xi L where Z acts on the Cantor 
space Z„ by the odometer action (addition of 1) and L denotes the snbgronp of T 
given by all n^-th roots of nnity, acting on T by translation. 

3. Let H = G = ZP and a an endomorphism of H determined by an integral 
matrix T with non-zero determinant. We assnme that the condition 

n v>”G={0} 

neN 

is satished (this is in fact not very restrictive). 

The algebra B^ is a higher-dimensional analogne of a Bnnce-Deddens-algebra. In 
the case where H is the additive gronp of the ring R of algebraic integers in a nnmber 
field of degree n and the matrix T corresponds to an element of i?, the algebra 2l[(p] 
is isomorphic to a natnral snbalgebra of the algebra 2 l[i?] considered in the following 
section. It is also isomorphic to the algebra stndied in [IT] . 

4. As another natnral example related to nnmber theory consider the additive 
gronp of the polynomial ring ¥p[t] over a finite field. An endomorphism satisfying 
onr conditions is given by mnltiplication by a non-zero element in ¥p[t]. In this case 
2l[(p] is related to certain graph C*-algebras, see [TT] . 

5. Let p and q be natnral nnmbers that are relatively prime and 7 the endomorphism 
of T defined hj z ^ z^. We take 

H = \imT G = Z[-] 

^ p 

aq the endomorphism of H indnced hj z ^ z'^ and Pq the endomorphism of G 
defined by (pq{x) = qx. These endomorphisms satisfy onr hypotheses. We find that 
M = Zq (the g-adic completion of Z). 

In all these examples one can work ont the A'-theory of 2 l[</ 9 ] nsing formnla (|2]), see 

m- 


3. Actions by a family of endomorphisms, ring C*-algebras 

It is a natnral problem to extend the results of section [2]to actions of a family (semi¬ 
group) of several commuting endomorphisms of a compact abelian group, satisfying 
the conditions of section |2j It turns out that the structural results such as simplicity, 
pure inhniteness, canonical subalgebras carry over without problem. However the 
computation of the iL-groups needs completely new ideas. 

The most prominent example for us arises as follows. Let iL be a number held, i.e. 
a hnite algebraic extension of Q. The ring of algebraic integers R <Z K is dehned as 
the integral closure of Z in K, i.e. as the set of elements a & K that annihilate some 
monic polynomial with coefficients in Z. This ring is always a Dedekind domain (a 
Dedekind domain is by dehnition an integral domain in which every nonzero proper 
ideal factors into a product of prime ideals). It has many properties similar to the 
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ordinary ring of integers Z C Q, but it is not a principal ideal domain in general. 
Its additive group is always isomorphic to Z"' where n is the degree of the held 
extension. 

Consider the multiplicative semigroup = i?\{0} of R. It acts as endomorphisms 
on the additive group R and thus also on the compact abelian dual group i? = T”. 
Such endomorphisms of T" are a frequent object of study in ergodic theory. If R is 
not a principal ideal domain, the semigroup R^ has an interesting structure. 

As in section 12] we consider the Koopman representation of on L‘^{R) = i^R- 

Definition 3.1. We denote by 2l[i?] the C*-algehra generated by C{R) and R^ on 
L^{R) (or eguivalently the C*-algebra generated by the action of C*{R) and of R^ 
on £‘^R). 

is generated by the isometries n G R^ and the unitaries Uj, j G R. The 
Sn dehne a representation of the abelian semigroup R^ by isometries, the Uj dehne 
a representation of the abelian group R by unitaries and together they satisfy the 
relations 


(3) SnUk = UknSn, k E R, n,m E R^ ^ UjSnSlu_j = 1 

j&R/nR 

The basic analysis of the structure of 2t[i?] is completely parallel to the discussion 
in section |2] (in fact historically the article |9] preceded [I2])- One obtains 

Theorem 3.2. (cf. [SJj The C*-algebra is simple purely infinite and nuclear. 
R is the universal C*-algebra generated by a unitary representation u of R together 
with an isometric representation s of R^ satisfying the relations dSj). 

As for 2l[(p] in section [2] there are canonical subalgebras V and B of The spec¬ 

trum of the commutative C*-algebra "D is a Cantor space canonically homeomorphic 
to the maximal compact subring of the space of finite adeles for the number field 
K. The subalgebra B is generated by V together with the Uj, j E R. It is simple 
and has a unique trace (a higher dimensional Bunce-Deddens type algebra). The 
general structure of C*-algebras associated like this with a ring has been developed 
further by Xin Li in [T8] . 

In order to compute the iL-groups for 2t[i?] the natural strategy would appear to 
be an iteration of the formula (12|) of Theorem 12.51 Since the proof of formula (12|) 
is based on the usual Pimsner-Voiculescu sequence this would amount to iterating 
this sequence in order to compute the iC-groups for the crossed product by Z” by 
a commuting family of n automorphisms. However this strategy immediately runs 
into problems since, assuming the iC-groups for the crossed product by the hrst 
automorphism are determined, it is not at all clear how the second automorphism 
will act on these groups. In other words, there is a spectral sequence abutting to the 
/L-theory for the crossed product by Z"", but it is useless for actual computations 
without further knowledge of the higher boundary maps in the spectral sequence. 
An analysis of relevant properties of the spectral sequence for actions as here is 
contained in [1]. 
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The key to the computation of the i^-groups for 2l[i?] in [TO] is the following duality 
result. 

Theorem 3.3. Let Af and A^o denote the locally compact spaces of finite, resp. 
infinite adeles of K both with the natural action of the additive group K. Then the 
crossed product C*-algebras Co{Af) xi K and Co(Aoo) x K are Morita eguivalent, 
eguivariantly for the action of on both algebras. 

Note that the space Aqo is simply M” where n is the degree of the held extension. 
From this theorem the iF-groups of 2l[i?] can be computed, at least in the case where 
the only roots of unit in K are ±1. 

We explain this here only for the case where K = Q, R = In this case everything 
becomes rather concrete. The spectrum of the canonical commutative subalgebra 
V is the prohnite completion Z of Z (we use here Z rather than the more standard 
notation Z in order not to create confusion with the dual group of Z). It is home- 
omorphic to the inhnite product of the p-adic completions Zp for all primes p in Z. 
Moreover Aj is the restricted inhnite product of the Qp and A^o simply is M 
Thus Theorem 13.31 gives a Morita equivalence between C'o(Aj) xi Q and C'o(IR) x Q. 
Moreover, by a standard argument, the hrst crossed product is Morita equivalent to 
B = C(Z) X Z. 

Denote by B' the C*-algebra generated by B together with the symmetry s_i, i.e. 
B' = By\7j/2 for the action of s_i. Since B' = {CfiL) x Z) x Z/2 is an inductive limit 
of C{{'L/n'L) X Z) X Z/2 and this latter algebra is isomorphic to M„(C'*(Z x T,I2l)) 
it is not difficult to compute the iF-theory of B as Kq{B') = Z© Q and KfiB') = 0. 
Now, we can use the Pimsner-Voiculescu sequence to compute the iF-theory of the 
crossed product 2 li = S' x N = C*(B', 82 ) as 

/^o( 2 li) = Z A:i( 2 ti)=Z 

By a slight rehnement of the statement in Theorem 13.31 2li is Morita equivalent to 
(C'o(M) X Q) X (Z/2 X Z) where Z/2 x Z acts by multiplication by —1 and by 2. 
Denote now by 21^ the C*-algebra generated by B' together with the Sp^,..., Sp^, 
where pi,... ,pn denote the hrst n prime numbers (with pi = 2). Then again is 
Morita equivalent to (C'o(®) x Q) x (Z/2 x Z”), where Z/2 acts by multiplication 
by —1 and IT by multiplication by pi, ■ ■ ■ ,Pn- Moreover is the inductive limit 
of the 2t„. 

We can now consider the canonical inclusions 

(4) Ln : C'o(M) X (Z/2 X Z”) (C'o(M) X Q) X (Z/2 X Z”) ~Morita 

into the crossed product where we leave out the action of the additive Q by trans¬ 
lation on the left hand side. 

By the discussion above, Li induces an isomorphism in iF-theory. Now we obtain 
Ln+i from in by taking the crossed product by Z (acting by multiplication by Pn+i) 
on both sides in (jl|). Therefore, applying the Pimsner-Voiculescu sequence on both 
sides, we deduce, using the hve-lemma, from the fact that Ln induces an isomor¬ 
phism on iF-theory that the same holds for tn+i- The important point is that the 
action of Z” on the left hand side is homotopic to the trivial action, simply because 
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multiplication by is homotopic to multiplication by 1 on M. Therefore 

^ K,{{Co{R) X Z/2) 0 C*Z^). 

As a consequence we obtain 

Theorem 3.4. / |T0] The map in induces an isomorphism on K-theory for all n. 
The K-theory o/2t[i?] is isomorphic to the K-theory of (Co(M) x Z/2) x Q^. 

Note that the A'-theory of Co(M) x Z/2 is the same as the one of C and that therefore 
the A'-theory of 2l[A] is the same as the one of an infinite-dimensional torus. 

The argument that we sketched for K = Q works in a very similar, though somewhat 
more involved way for a number field with ±1 as only roots of unit. In this case one 
has to determine the A'-theory of C'o(M"') x Z/2 rather than that of C'o(M) x Z/2. 
The case of an arbitrary number held K can be treated in the same fashion. The 
important difference comes from the more general group fi{K) of roots of unit. For 
the computation one needs non-trivial information on the A'-theory of the crossed 
product C'o(M”) x /i(A') and thus on the equivariant A'-theory of M" with respect 
to the action of fi{K). This non-trivial computation has been carried through by Li 
and Liick in |2I] using previous work by hanger and Liick mi. 

The analysis of the structure and of the A'-theory of 2t[A] can also be carried out in 
the case where A is a polynomial ring over a hnite held (ring of integers in a certain 
function held). The structure of the C*-algebra in this case is more closely related to 
the example of the shift endomorphism of (Z/pZ)°° mentioned above and to certain 
Cuntz-Krieger algebras. Nevertheless for the computation of the A-theory one can 
again use the duality result in Theorem 13.31 and the result for the A-theory is again 
similar, m- 


4. Regular C*-algebra for ‘ax+b’-semigroups 

By dehnition, the ring C*-algebra 2l[A] discussed in section [3] is obtained from the 
natural representations of C*{R) = C{R) and of the semigroup R^ on the Hilbert 
space i'^R = K{R). Another way to view this is to say that it is dehned by the 
natural representation of the semidirect product semigroup R x R^ on i‘^R. 

Now, this semidirect product semigroup has an even more natural representation, 
given by the left regular representation on the Hilbert space i‘^{R x R^). The study 
of the left regular C*-algebra Cl{R x R^) was begun in [6]. This C*-algebra is no 
longer simple but still purely infinite and has an intriguing structure. In particular, 
it has a very interesting RMA-structure and the determination of its R-theory leads 
to new challenging problems. 

The first obvious observation concerning Cl{R x R^) is that, just as 2l[A], it is 
generated by a unitary representation Ux,x E R of the additive group R and a repre¬ 
sentation by isometries Sa, a G R^ of the multiplicative semigroup R^ satisfying the 
additional relation SaU^ = UaxSa- However the last relation 1 

in ([3]) becomes 

^ ^ UxSaS^U—x ^ 1 
xGRjaR 


( 5 ) 
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In fact, it turns out that this weakened relation ([5]) (of course together with the re¬ 
lations on the Ux, Sa in the previous paragraph) determines C'^{R xi R^) in the case 
where i? is a principal ideal domain. The general case however is more intricate. 
In general, it is still possible to describe C^{R xi R^) by natural defining relations. 
However the most natural way to do so uses an incorporation of the natural idem- 
potents obtained as range projections of the partial isometries given by products of 
the Ux, Sa and their adjoints. It turns out that these range projections correspond 
exactly to the ideals of R. 

The generators singled out in [6] then are Ux,x G R; Sa, a G R^; e/, / a non-zero 
ideal in R. The relations are 

(1) The Ux are unitary and satisfy UxUy = Ux+y, the Sa are isometries and satisfy 
SaSb = Sab- Moreover SaUx = UaxSa for all X G i?, a G R^ . 

(2) The 6/ are projections and satisfy e/nj = e/Cj, cr = 1. 

(3) We have s^e/ = CaiSa- 

(4) For X G / one has Uxej = eiUx, for x ^ / one has ejUxej = 0. 

The universal C*-algebra with these generators and relations is no longer simple 
but in most respects its structure is similar to the one of There is a canonical 

maximal commutative subalgebra R with totally disconnected spectrum (generated 
by the e/), and a Bunce-Deddens type subalgebra B generated by V together with 
the Uxi X E R. Using this structure one shows 

Theorem 4.1. (cf. [Bjy) The universal C*-algebra with generators Ux, Sa, ej sat¬ 
isfying the relations above is canonically isomorphic to C^{R x R^). 

As a conseguence C{{R x R^) is also isomorphic to the semigroup crossed prod¬ 
uct D X (i? X R^) (i.e. to the universal C*-algebra generated by T> together with 
a representation of the semigroup R x R^ by isometries implementing the given 
endomorphisms ofD). 

It follows that 2l[i?] is a quotient of Cl^{RyiR^). As mentioned above, in the simplest 
case 2t[i?] is obtained from C'j|(/2x/2^) by ‘tightening’ the relation J2jeR/nR UjSnS^U-j 
< 1 to J2jeR/nR'^j^nSnU-j = 1. This kind of tightening has occurred in many places 
in the literature under the name tight representation or boundary quotient etc. 

The relations l.,2.,3.,4. above turned out to also give the right framework for de¬ 
scribing the left regular C*-algebra of more general semigroups. The theory of these 
regular C*-algebras has been developed by Xin Li [19], [20] . 

As in section [3] the key to the computation of iF*(C'^(i? x R^)), for the ring R of 
integers in a number held K, lies in a iFA'-equivalence between the given action by 
endomorphisms of our semigroup with a basically trivial situation. 

The semigroup S' = i? x R^ admits G = K » as a canonical enveloping group. 
The action of S on the commutative subalgebra R of C'^{R x R^) has a natural 
dilation to an action of G. This means that R can be embedded into a larger 
commutative C*-algebra C D R with an action of G which extends the action of S 
on R (this uses the fact that S' is a directed set ordered by right divisibility). The 
crossed product C x G is then Morita equivalent to x S' = G)((i? x R^) (the last 
isomorphism follows from Theorem 14.ip . 
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A fractional ideal in A' is a subset J of A' of the form J = al where / is an ideal in 
R and a G . Denote by JT the set of all fractional ideals of R in K, i.e. the set 
of all translates in K of ideals in R under the action of A'^. 

It is easy to see that, in the dilated system, there is a bijection J i—)■ ej between 
J' and the translates under G of the projections ej, I ideal in R. Moreover the ej, 
J & J generate C D V. Using the fact that A is a Dedekind domain it is not difficult 
to show that the family {ej} forms a regular basis of C in the sense of the following 
definition. The importance of the regularity condition (or, in another guise, of the 
‘independence’ of the family of constructible left ideals of the semigroup) has been 
noticed by Xin Li. 

Definition 4.2. If {ej ■. J & J} is a countable set of non-zero projections in a 
commutative C*-algebra C, we say that {ej} is a regular basis for C if it is linearly 
independent, closed under multiplication (up to 0) and generates C as a C*-algebra 
(this means that span{ej : J G JT”} is a dense subalgebra of C). 

Now the group G acts on C, on J and on the algebra /C = of compact 

operators. We can trivially define an equivariant *-homomorphism k : C'o(jL) 

/C 0 C by mapping 5j to ej ® ej. Here, 5j denotes the indicator function of the 
one-point set {J} and Sj denotes the matrix in K, which is is 1 in the diagonal place 
(J, J) and 0 otherwise (matrix unit). 

Theorem 4.3. (]8l [7] j The eguivariant map k induces an isomorphism 

K,{Go{J) xG)^ K,{C X G) ^ K,{Gl{R x R^)) 

But now, by Green’s imprimitivity theorem the crossed product Go(jL) x G is simply 
Morita equivalent to the direct sum, over the G-orbits in fj, of the C*algebras of 
the stabilizer groups of each orbit. 

Definition 4.4. The ideal class group GIk is the guotient of the semigroup of frac¬ 
tional ideals in K under the eguivalence relation where J is eguivalent to J’ iff there 
is a E such that J' = aJ. 

If R is the ring of algebraic integers in the number field K, then the class group is 
a finite abelian group. 

Two fractional ideals J and J' are in the same orbit for G if and only if there is 
a G such that J' = aJ. Therefore, by Definition 14.41 the orbits are labeled 
exactly by the elements of the class group GIk- The stabilizer group of the class of 
a fractional ideal J then is given by the semidirect product J x A* of the additive 
group J by the group A* of units (i.e. of invertible elements in A^). As a corollary 
to Theorem 14.31 we thus obtain 

Corollary 4.5. For each element 7 of the class group GIk choose any ideal 
representing the class 7 . Then 

K,{Gl{R X R^)) = 0 K,{G*{I-y) X A*). 

I&CIk 
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In the situation at hand, Theorem 14.31 can be proven directly - essentially in a 
similar way as at the end of section [3] using the equivariant map k. There is however 
a much more powerful approach based on techniques from work on the Baum-Connes 
conjecture developed by Echterhoff and others Ha,®. They establish the following 
principle: 

Assume that the group G satishes the Baum-Connes conjecture with coeffi¬ 
cients in the G-algebras A and B. Let k : A —)■ i? be an equivariant homo¬ 
morphism which induces, via descent, isomorphisms K^{A'aH) = K^{ByiH) 
for all compact subgroups H of G. Then k also induces an isomorphism 

Theorem 14.31 then follows from checking that the equivariant map Go(jL) K®C 
used there satishes this condition for all hnite subgroups of G. 

This approach to Theorem 14.31 has a much broader scope of applications. It allows 
to extend the argument to general actions of a group G, that satishes the Baum- 
Connes conjecture with coefficients, on a commutative C*-algebra C admitting a 
G-invariant regular basis of projections in the sense of Dehnition 14.21 In particular, 
it can then be used to compute the TL-theory of the left regular C*-algebra for a 
large class of semigroups as well as for crossed products by automorphic actions by 
such semigroups. Moreover this more general method also allows to compute the 
/L-theory for crossed products for an action of a group on a totally disconnected 
space that admits a regular basis as in Dehnition 14.21 [8] , [7] . 

For instance, one obtains 

Theorem 4.6. (^) Let R be a Dedekind domain with quotient field Q{R) and A a 
C*-algebra. Then the following are true: 

(1) For every action a : R^ ^ Ant (A) there is a canonical isomorphism 

/L,(A = 0 KfiAxi^^rR*)- 

(2) For every action a : R^/R* —)■ Ant (A) there is a canonical isomorphism 

KfiA>i^^r{RVR*))= 0 KfiA)- 

(3) For every action a : R xi R^ —)■ Ant (A) there is a canonical isomorphism 

K,{Ayi^^,{Rxi R^)) ^ 0 iL,(A x,x i?*)). 

The above method of computing iL-theory for semigroup C*-algebras and for cer¬ 
tain crossed products for actions on totally disconnected spaces has been developed 
further by Li-Norling in |23], [22] . 

5. iLMS*- STATES 

To end this survey we briehy discuss the iLMS'-structure for the natural one- 
parameter automorphism group of GjJ(i? x R^) where, again, R is the ring of alge¬ 
braic integers in a number held K. After all, part of the motivation for the study of 
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ring C*-algebras came from Bost-Connes system and a main feature of such systems 
is the rich KMS-stiuctnie. Also, one of the reasons in |H] for passing from the ring 
C*-algebra 2l[i?] to Cl{R x R^) was the existence of many KMS-staies on the latter 
algebra. 

Recall that, for a non-zero ideal I in R, we denote by N{I) the norm of /, i.e. the 
number N{I) = \R/I\ of elements in R/1. For a G R^ we also write N{a) = N{aR). 
The norm is multiplicative, [25]. Using the norm one dehnes a natural one-parameter 
automorphism group (crt)tg]R on Cl{R x R^), given on the generators by 

o'i(mx) = crt{ei) = e/ at{sa) = A^(a)**Sa 

(this assignment manifestly respects the relations between the generators and thus 
induces an automorphism). Let /9 be a real number > 0. Recall that a fi-KMS 
state with respect to a one parameter automorphism group (ai)igR is a state ip 
which satishes piyx) = ip^xaipiy)) for a dense set of analytic vectors x^y and for 
the natural extension of {at) to complex parameters on analytic vectors, [3]. For the 
one-parameter automorphism group a, dehned above, the (3-KMS condition for a 
state ip translates to 

( 6 ) p{u^z) = p{z u^) p{eiz) = p{zei) p{saz) = N{a)~^p{z Sa) 

for a set of analytic vectors 2; with dense linear span and for the standard generators 
Ux, ej, Sa of c{{R X R^). 

Theorem 5.1. (^) The KMS-states on C’l{R x R^) at inverse temperature [3 can 
he described. One has 

(1) no KMS-states for (3 < 1. 

(2) for each [3 G [1,2] a unique (3-KMS state. 

(3) for (3 G (2, 00 ) a bijection between (3-KMS states and traces on 

0 C-W) >d R- 

I&CIk 

where CIk is the ideal class group, I.y is any ideal representing 7 and R* 
denotes the multiplicative group of invertible elements in R (units). 

The simpler case of Theorem 15.11 where R = 7^, K = Q, had essentially been 
treated already by Laca-Raeburn in [121 . The hrst assertion in Theorem 15.11 is 
basically obvious. The proof, in [2], of point 3. uses special representations of 
C(^{R X R^) which seem to be of independent interest. The proof of 2. in [B] uses 
a result, also of some independent interest, on asymptotics of partial Dedekind (- 
functions. An alternative subsequent proof of Theorem 15.11 due to Neshveyev, is 
obtained by relating the problem to a general result on KMS-states for C*-algebras 
of non-principal groupoids, [22] . 

There is a striking parallel between the formula for the KMS-states for (3 > 2 in the 
theorem above and the formula for the iF-theory of C(^{R x R^) in Corollary 14.51 
The iF-theory is isomorphic to the iF-theory of the C*-algebra ^ 

while the simplex of KMS-states is in bijection with the traces of this direct sum 
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C*-algebra. Note that both results are quite non-trivial, as 0^gr xi R* is not 

a natural subalgebra of C'^{R x R^). 
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